We present an introduction to cosmic inflation in the context of Palatini gravity, which is an interesting alternative to the usual metric theory of gravity. In the latter case only the metric g µν determines the geometry of space-time, whereas in the former case both the metric and the space-time connection Γ λ µν are a priori independent variables -a choice which can lead to a theory of gravity different from the metric one. In scenarios where the field(s) responsible for cosmic inflation are coupled non-minimally to gravity or the gravitational sector is otherwise extended, assumptions of the underlying gravitational degrees of freedom can have a big impact on the observational consequences of inflation. We demonstrate this explicitly by reviewing several interesting and well-motivated scenarios including Higgs inflation, R 2 inflation, and ξ-attractor models. We also discuss some prospects for future research and argue why r = 10 −3 is a particularly important goal for future missions that search for signatures of primordial gravitational waves.
Introduction
In this paper we present a simple step-by-step introduction to cosmic inflation in the context of so-called Palatini gravity, review some scenarios previously studied in the literature, and discuss a particularly important goal for future missions that search for signatures of primordial gravitational waves. We assume the reader is familiar with the basics of General Relativity (GR) and knows at least some cosmology, in particular cosmic inflation, but otherwise no prior knowledge about different gravitational theories is required.
While the space of all possible theories of gravity is vast and other, often equally wellmotivated choices could be made, here we concentrate on the differences between simple "metric" and "Palatini" theories only, in particular in the context of cosmic inflation. We present a GR-based introduction to the topic, highlighting some subtle differences between the metric and Palatini theories of gravity in different scenarios, and then move on to discuss cosmic inflation. We pay particular attention to inflationary observables and their dependence on the assumptions of the underlying theory of gravity, demonstrating the differences between the metric and Palatini theories in several interesting scenarios including the famous Higgs inflation, R 2 inflation, and ξ-attractors, all of which are models that have been actively studied within the cosmology community during the past few years.
While the Palatini theories are almost as old as the usual metric theories of gravity 1 and the idea of cosmic inflation is already four decades old, inflation in the context of Palatini gravity has attained interest only relatively recently. The idea is often credited to a paper by Bauer and Demir [4] , however see Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] for some earlier work on the topic, mainly in the context of "quintessential inflation" where the same scalar field that drives the early-time inflation is also responsible for the late-time cosmic acceleration, but also in the context of R 2 inflation in Palatini theory [8, 9] . Recently, however, the topic has attained increasing interest within the community and, as we will discuss, there are still many interesting aspects that remain to be studied.
The paper is organized as follows: we begin in Sec. 2 by a short review of constructing the space-time geometry, mainly following the notation and conventions of Ref. [54] , and then move on to discuss cosmic inflation in Sec. 3 . We will first present a general overview of the basics of inflation, then discuss some of the most important observables in Sec. 3.1, and then study some classes of models in more detail in Sec. 3.2. In Sec. 4, we will discuss a particularly important goal for future missions that search for signatures of primordial gravitational waves. In Sec. 5, we briefly summarize the discussion and ponder some directions for future research.
Constructing the space-time geometry
In curved space-time, partial derivatives are not sufficient to describe how objects such as vectors change from point to point, as they depend on the coordinate system used. One would therefore like to define a similar operator but in a way independent of coordinates. By requiring that such an operator, called covariant derivative and denoted by ∇ µ , is linear and follows the usual product rule, one finds the covariant derivative of an arbitrary vector V µ to be given by
where Γ ν µλ is called a connection, and which ensures that the definition of ∇ µ is independent of coordinates. The definition (2.1) generalizes to tensors of arbitrary rank
. , when one also requires that the covariant derivative commutes with contractions and reduces to partial derivatives on scalars. In particular, this definition applies to the space-time metric g µν (by space-time we refer to a 4-dimensional manifold equipped with a connection Γ σ µν and a symmetric metric tensor g µν = g νµ ). Note, however, that the connection itself is not a tensor, as it does not transform in coordinate transformations as proper tensors (such as the metric) do. This is intentional, as the connection has been constructed in such a way that the covariant derivative (2.2) transforms as tensors do.
While the above requirements are enough to construct a derivative operator independent of coordinates, in the context of GR one usually postulates that the connection is also 1. torsion-free, Γ λ µν = Γ λ νµ , and 2. metric-compatible, ∇ ρ g µν = 0 .
It is easy to show that together these two postulates determine the space-time connection uniquely in terms of the metric:
This is the famous Levi-Civita connection encountered in GR 2 . However, as the simple definition of the covariant derivative suggests, no metric is necessary to construct some aspects of geometry on a space-time -that is, the notions of metric and connection are not necessarily intertwined. Therefore, we denote the special Levi-Civita connection with an overbar to distinguish it from other connections that do not satisfy the two postulates above, as it is easy to think of other gravitational theories which do not satisfy them a priori. We will give examples of such theories below. Before doing so, let us introduce one more concept. In curved space, the result of parallel transporting 3 a tensor of arbitrary rank from one point to another will depend on the path taken between the points. For simplicity, consider a vector V ρ parallel transported along a loop: the corresponding change is described by
5)
where A µ and B ν are vectors that define the loop and
is the Riemann tensor which describes the change experienced by tensors of arbitrary rank when parallel transported due to curvature of the space-time. This definition holds for any connection, whether or not it is metric-compatible or torsion-free. However, for an arbitrary connection the Riemann tensor has only one obvious symmetry: it is antisymmetric in the last two indices. The rest of the standard symmetries are not present for an arbitrary connection [55] . Most importantly for the purposes of this paper, however, we note again that no metric is needed to define the Riemann tensor. Let us then see how this works in the case of GR. As is well known, the Lagrangian formulation of GR is encoded in the simple action
which is often called the Einstein-Hilbert action. It represents the minimal choice of degrees of freedom -up to a boundary term 4 -and ensures that the resulting field equations are second order differential equations. Here M P = 1/ √ 8πG is the reduced Planck mass in natural units and G is the Newton's gravitational constant, g is the determinant of the metric tensor, the Ricci tensor is constructed from the Riemann tensor by contraction 5 , R µν = R λ µλν , and Γ is a shorthand notation for the three-index connection. Usually the action is written in terms of the curvature (Ricci) scalar
which often contains the implicit assumption that the connection is metric-compatible. If this was the case, we say that the theory is of metric type. In a so-called Palatini theory, 3 Parallel transporting a tensor T along the path x µ (λ) parameterized by λ means that the covariant derivative of T along the path vanishes,
Also this quantity depends, a priori, only on the connection Γ σ µν . Note, however, that if the connection is not metric-compatible, parallel transport does not necessarily preserve the norm of vectors, a feature often taken as granted. 4 Derivation of the equations of motion for the metric case requires adding a so-called York-Gibbons-Hawking boundary term to the action to cancel a total derivative term that depends on the first derivatives of the metric [56, 57] . 5 While this definition of the Ricci tensor is not unique, the definition of the curvature scalar (2.8) is [55] .
however, both g µν and Γ are treated as independent variables without the assumptions of metric compatibility or the usual symmetries for the Riemann tensor, and the metric appears as an auxiliary variable with no kinetic term. In this case, then, variation of the action with respect to the metric gives the usual Einstein's equations but for a Ricci tensor constructed from a connection that has no a priori relationship with the metric. It is an interesting exercise to show that when the connection is torsion-free, variation of the action with respect to the connection leads to the requirement that it must also be metric-compatible, i.e. the Levi-Civita connection (2.3), and therefore in this case the Einstein's equations will be exactly equal to those in the metric case. Therefore, for the Einstein-Hilbert action (2.7) the Palatini and metric theories render to mere formulations of the same theory, i.e. the GR. However, as discussed in e.g. Refs. [22, 58] , it could be argued that the Palatini formulation is much simpler than the metric formulation, because there is no need to add a boundary term to the action, as it involves only first derivatives of the variables that are to be varied over. For this reason, the Palatini formalism is also sometimes called the "first order formalism", whereas the metric formulation is dubbed as the "second order formalism". However, with non-minimally coupled matter fields or otherwise enlarged gravity sector, the two approaches do not generally correspond to different formulations of the same theory. For example, in a theory which contains a non-minimally coupled scalar field φ, specified by the action
where ξ is a dimensionless coupling constant, ∇ µ is the covariant derivative, V (φ) is the potential for the scalar field, and Γ is assumed to be, for simplicity, torsion-free, variation of the action with respect to the connection gives
where
Because the result (2.10) clearly differs from the Levi-Civita connection (2.3) for any finite value of φ, we conclude that in the case of non-minimally coupled scalar fields the Palatini and metric theories do not represent different formulations of the same theory but are two entirely different theories. This is true for otherwise enlarged gravity sectors as well, such as those including terms higher order in R [55, 59] . Therefore, whenever a model contains non-minimal gravitational couplings, one has to make a choice regarding the underlying gravitational degrees of freedom. Only observations can tell which option is the one actually realized in Nature. However, two things are worth making a remark on. First, while the metric approach could seem simpler and is the one usually considered in the literature (despite the need for the extra boundary term), at least in the context of cosmic inflation, choosing the Palatini approach does not necessarily amount to adding new (dynamical) degrees of freedom to the theory. Moreover, this choice can actually simplify calculations, as we will see. Second, as Eq. (2.11) shows, when the scalar field relaxes to zero, φ → 0, as is the case in most inflationary models for the dynamics after inflation, one retains the pure GR form of the theory regardless of the original choice between the metric and Palatini theory. In practice, however, even a milder requirement is sufficient: one can allow φ → v, where v M P or even just ∆φ/M P 1 (at late times), without inducing any observable deviation from GR [60] . In this way, one can modify the way gravity works in the early universe without modifying it at late times.
Due to these differences between the metric and Palatini gravity, it is an interesting starting point to consider a theory where geometry, in particular the space-time connection, depends on both the metric and the matter fields coupled non-minimally to gravity, especially in the context of cosmic inflation. As we will show, models of inflation in the Palatini and metric formulations are intrinsically different, which has profound consequences on inflationary observables and thus also on our ability to test the underlying gravitational degrees of freedom at high energies.
Cosmic inflation
Let us consider the action
where Ω 2 (φ) and K(φ) are non-singular functions of the scalar field φ, and which is a slight generalization of the action (2.9) discussed in the previous section. However, here we assume, for simplicity, that the gravity part of the action is still given by
where F (φ) is again a non-singular function of the scalar field and the first term represents the usual Einstein-Hilbert choice 6 . While this is the choice of Ω(φ) most often considered in the literature, other interesting scenarios have been studied in the literature too; see e.g. Refs. [32, 33, 38, 42, 49, 50] for the inclusion of an R 2 term and Refs. [36, 41] for non-vanishing torsion and kinetic terms for the metric in the Palatini case, which introduce multiple extra terms to the action. In Sec. 3.2, we will briefly discuss the former case above. Because in the frame (3.1) the non-minimal coupling between the scalar field and gravity is explicit, this frame is called the Jordan frame; hence the subscript in S J . Note that when F → 0, we retain the GR regardless of the choice of the approach, i.e. whether we want to consider metric or Palatini gravity. However, at F = 0, the two approaches correspond to different theories. To ease the comparison with the usual metric approach, in the following we will present the results for both the metric and Palatini cases. We will also omit the arguments, Ω ≡ Ω(φ), K ≡ K(φ), and F ≡ F (φ), for simplicity.
While we could proceed by simply varying the action (3.1) with respect to our degrees of freedom to derive the evolution or constraint equations for them, it is often much simpler to analyze inflation in a frame where the gravity sector is canonical, i.e. where effectively Ω = 1 and Γ =Γ. This can be achieved by performing a Weyl transformation
which makes the relevant quantities transform as
where κ = 1 in the metric case and κ = 0 in the Palatini case, the d'Alembert operator is ≡∇ µ∇ µ , and the quantities with an overbar are defined in terms of the new metricḡ µν . Then, for the choice of Ω as in Eq. (3.2) and after partial integration and some algebra, the action (3.1) becomes
where the prime denotes derivative with respect to the field φ. Because in this frame the non-minimal coupling to gravity vanishes, this frame is called the Einstein frame; hence the subscript in S E . Because now the connection appears only in the usual Einstein-Hilbert term, in this frame Γ =Γ, i.e. one retains the Levi-Civita connection, and thereforeR ≡ R(Γ) and g µν is the metric compatible with the connectionΓ. Now the gravity sector is canonical. If only one scalar field is dynamical, also the scalar field kinetic term in (3.5) can be expressed in a canonical form with a suitable field redefinition φ = φ(χ), determined by
For multifield scenarios, see Refs. [31, 37, 46, [65] [66] [67] . The action (3.5) then becomes
where the arguments emphasize that the potential is for the field χ, even if one was not able to find an analytical expression for it in terms of φ. Now, if the scalar field's potential energy dominated the total energy density in the early universe and the potential is flat enough, for example if it develops a plateau at large field values, it will be suitable for inflation and may allow to generate the observed spectrum for curvature perturbations and thus seed the origins of large scale structure in the universe. If this was the case, we call the scalar field an inflaton field. However, before discussing the inflationary dynamics and the resulting observables in more detail, let us again make a few remarks regarding the action (3.7).
First, the result (3.7) clearly exhibits the fact that single-field Palatini models with vanishing torsion are equivalent to metric theories with a different choice of the potential for the scalar field in the Einstein frame. Indeed, the only difference between the two theories of gravity is in this case in the value of κ, which affects the re-definition of the field (3.6) and thus also the potential for the canonically normalized field χ. Had we started in the Einstein frame and bluntly put a given potential in by hand, the result would have been exactly the same as in the case where we started in the Jordan frame with a suitable potential and performed the Weyl transformation and field re-definition. This reflects the fact that this kind of Palatini theories are metric-affine, i.e. nothing but metric theories in disguise [21, 29, 36, 41, 55, [68] [69] [70] [71] .
However, one can rightfully argue that certain choices are better motivated than others. First, as usual quantum field theory (QFT) reveals, only potentials up to mass dimension four are renormalizable in flat space. Second, non-minimal couplings to gravity should be seen not as an ad hoc addition to scalar field models but as a generic ingredient of QFT in a curved space-time, both because they are generated radiatively and because no symmetry arguments forbid including them in the theory in the first place [72] . It is in this sense that one can say that the differences between the scenarios we call "metric" or "Palatini" are indeed in the underlying theory of gravity and not in the choice of the scalar field kinetic term or potential. While at classical level one could, in principle, start in the Einstein frame with any scalar potential or kinetic term, it can be argued that it is the surprising connection with gravity that makes only certain models particularly interesting and the underlying gravitational degrees of freedom testable, as we will discuss in more detail in the next sections.
Inflationary dynamics and observables
Let us then consider the dynamics during inflation and, most importantly, observables. We assume that in the early universe the scalar field χ was energetically dominant, so that in slowroll approximation where the field moves slowly down in its potential, |χ| 3H|χ| ,χ 2 U , where H ≡ȧ/a is the Hubble parameter and the dot denotes derivative with respect to time, the Friedmann equation and the inflaton equation of motion (found by varying the action (3.7) with respect to the metric and the field χ, respectively) become
where the prime denotes derivative with respect to χ. The inflationary dynamics can then be characterized by the usual slow-roll parameters
so that in slow-roll , |η| 1. Then also = −Ḣ/H 2 1, and we have H ∼ constant, a ∼ e Ht , and thus alsoä > 0 -the expansion of the universe is accelerating (the universe is "inflating"). Another important and useful quantity is the number of e-folds between the horizon exit of the scale where measurements are made (the "pivot" scale) and the end of inflation, N , which is given by
The field value at the end of inflation, χ end , is defined via (χ end ) = 1, as this criterion signals the end of slow-roll and accelerating expansion. The field value at the time when the pivot scale exited the horizon is denoted by χ * . In the following, we will use k * = 0.05 Mpc −1 as the pivot scale.
To explain the famous horizon and flatness problems (see e.g. Ref. [73] ), inflation should have lasted for a sufficiently long time, N 1. The exact number depends on the postinflationary expansion history, especially on the details of (p)reheating that follow inflation and thermalize the universe; see Refs. [74, 75] for a review. While usually N ∼ 50 − 60 is assumed, the number can be as low as N ∼ 20 [76] . However, it is not enough for an inflationary model to provide for a sufficient number of e-folds, as the inflaton field also acquires fluctuations and thus seeds the origins of structure at different scales 7 . At least at the largest physical distance scales, the scalar curvature power spectrum is given by a power-law [82, 83] 
where ζ denotes the curvature perturbation. The spectrum has the observed amplitude A 2.1 × 10 −9 and spectral tilt n s 0.965 at the pivot scale k * = 0.05 Mpc −1 .
Assuming slow-roll, the amplitude can be expressed as [84] 13) and the leading order expression for the spectral tilt is
which can be used to relate the number of required e-folds to the potential and the model parameters, in particular in our case to the non-minimal coupling function Ω, as we will show in the next subsections. In addition to scalar curvature perturbations, the fluctuations of the inflaton field also generate tensor perturbations, i.e. gravitational waves. Their power spectrum is given by [73] 15) and the observational constraints are usually expressed in terms of the tensor-to-scalar ratio
where the last expression applies at the leading order in slow-roll parameters. As primordial tensor perturbations have not been discovered, observations of the Cosmic Microwave Background radiation (CMB) place an upper limit on tensor-to-scalar ratio, r < 0.06 at the pivot scale k * = 0.05 Mpc −1 [85] . Again, this can be used to relate the number of required e-folds to the underlying model parameters including the non-minimal coupling function.
Inflationary models
So far, our discussion has been general in a sense that we have been agnostic of the inflaton potential. Let us now consider a few example cases to see how and to what extent observations can distinguish between different models and, in the context of inflationary models, different theories of gravity.
Higgs inflation
A particularly interesting scenario is the one where the Standard Model (SM) Higgs field is responsible for driving inflation. The SM Higgs is, after all, the only scalar field we know exists in Nature, and therefore attempting to realize inflation within the SM is arguably the simplest possibility. This scenario was originally considered in Ref. [86] in the metric case (see also Refs. [61, [87] [88] [89] [90] [91] [92] for earlier work on the topic) and in Ref. [4] in the Palatini case. It has ever since attained considerable interest within the community; see Ref. [93] for a recent review on metric Higgs inflation and Refs. [14, 22, 30, 32, 36, 39, 42, 43, 46, 47, 53] for recent studies on Palatini-Higgs inflation. The model is specified by
is the SM Higgs doublet in the unitary gauge, v = 246 GeV is the electroweak (EW) scale, and ξ is a dimensionless coupling constant. The choice (3.17) is particularly well-motivated, as even if the non-minimal coupling is not present at the classical level, it will be generated by quantum corrections [72] . In the following, we take V ≈ λ/4φ 4 where φ is the radial mode which corresponds to the physical Higgs field 8 and which is assumed to be much larger than the EW scale during inflation, φ v. By performing a Weyl transformation, we arrive at Eq. (3.5), and can again re-define the field according to Eq. (3.6). The solution to the resulting differential equation is [4, 22, 99] √ ξ
where u ≡ √ ξφ/M P . Thus, at large field values
so that the Einstein frame potential for the canonically normalized field becomes 20) where the expressions in the metric case apply for ξ 1 and χ 3/2M P , and the expressions in the Palatini case are exact. We see that for χ 3/2M P in the metric case or χ M P / √ ξ in the Palatini case the potential tends to a constant exponentially fast and is therefore suitable for slow-roll inflation.
It is now straightforward to compute the amplitude of the curvature perturbation power spectrum (3.13) and its tilt (3.14) , as well as the predicted tensor-to-scalar ratio (3.16) . For the amplitude one finds
whereas the spectral tilt and tensor-to-scalar ratio read
Palatini, (3.23) to second order in the expansion in 1/N , where N is the number of e-folds given by Eq.
(3.11). From (3.22) one sees that the predictions for the spectral index are the same in the two theories. However, as Eq. (3.21) shows, the relation A ∝ λ/ξ 2 encountered in the metric case gets modified to A ∝ λ/ξ for the Palatini case. Therefore, not only the relation between the couplings λ and ξ changes from one gravitational theory to other but also one can use Eq. (3.23) to show that in the Palatini case the tensor-to-scalar ratio becomes r ∼ A/(λN 4 ), which can be orders of magnitude smaller than the corresponding quantity in the metric case, as Eq. (3.23) reveals. In the metric case r ∼ 10 −3 for the usual number of e-folds 9 , N ∼ 50 − 60, whereas in the Palatini case r ∼ 10 −13 . . . 10 −4 , as studied in Refs. [22, 39] (see also Ref. [53] ). As further shown in Refs. [22, 39] , also the running, dn s /d lnk, and running of the running of the spectral index, d 2 n s /d(lnk) 2 , are different in the two theories. Therefore, if the SM Higgs indeed is the inflaton, detailed measurements of the inflationary observables can be used to distinguish between different gravitational degrees of freedom.
The above discussion applies only at classical level. Incorporating quantum corrections is a difficult task, although in the case of plateau potentials they have been shown to be mostly insignificant during inflation [26, 65, 97, 98, [101] [102] [103] [104] [105] [106] [107] [108] [109] . However, they may affect the potential in the regime where reheating occurs [104, 106] , and certainly one should find a way to relate the couplings at the scale of inflation to the physics at lower energies, in particular around the EW scale. This is not totally unfounded, as recently studied in Refs. [22, 53] in the context of Palatini-Higgs inflation. For other recent studies on quantum corrections in Higgs inflation, see Refs. [22, 30, 104, 109, 110] .
Finally, we note that taking either the canonical metric or Palatini approach as a starting point is not the only way to modify this simplest kind of inflationary models. Other classes of Higgs-type inflation based on e.g. non-canonical kinetic couplings or teleparallel gravity have been considered in Refs. [111] [112] [113] [114] [115] [116] . Also, we note that qualitatively nothing changes in the above discussion if the inflaton is not the SM Higgs but some other self-interacting scalar with a λφ 4 potential. Such scalar would necessarily belong to the BSM sector and could therefore be connected to other unresolved problems in modern physics, such as dark matter [37, 65, [117] [118] [119] [120] [121] [122] or the nature of the electroweak phase transition [67] . However, in practice many details, such as reheating and its effect on the number of e-folds, and therefore also the predictions of such models for inflationary observables would be different from the case where the SM Higgs is the inflaton field and which therefore allow one to distinguish between different models [39, 65, 117] . Therefore, inflation provides a unique probe on such models at high energies.
R 2 inflation
Let us then consider another model where a different choice of the underlying gravitational degrees of freedom leads to interesting differences between the usual metric case and its alternatives. We consider the famous R 2 or Starobinsky model [123] , which is one of the oldest inflationary models. The scenario is specified by the following gravity sector:
where α is a dimensionless parameter, and no extra scalars are assumed to be present. Let us start by discussing the metric case. By using the standard tricks (see e.g. Ref. [39] ), one can show that for the above choice of Ω the Einstein frame potential becomes
which closely resembles the potential in the metric Higgs case 10 , Eq. (3.20), for χ 3/2M P and with the identification α = ξ 2 /2λ. Here χ is a scalar field -often called a "scalaron"which in the Jordan frame is hidden inside the R 2 term but which in the Einstein frame becomes dynamical. Assuming that the scalaron is the only source of inflationary fluctuations 11 , the spectral index and tensor-to-scalar ratio become
(3.26) 27) which are the same as in the case of metric Higgs inflation to first order in the expansion in 1/N . The correct amplitude for the curvature power spectrum is obtained for
which for the usual number of e-folds gives α ∼ 10 9 . However, while the predictions for inflationary observables match to those of the metric Higgs inflation to first order in the expansion in 1/N , the number of e-folds between the horizon exit of the pivot scale and the end of inflation is not the same in the two models 12 , and therefore the exact predictions will not be the same either, even at the leading order. Therefore, detailed measurements of inflationary observables can distinguish between these two models. Let us then consider the Palatini case. In this case, the choice (3.24) leads to a scenario where the scalaron is not dynamical and inflation cannot happen [8, 9] . However, assuming that in addition to the R 2 term the Jordan frame action contains at least one extra scalar field φ which is dynamical (such as the SM Higgs), the Weyl transformation leads to [32, 33] 
where the re-defined inflaton field χ is given by 30) and the potential for the field is
(3.31)
As is evident from Eq. (3.29) , in this case the scalar field kinetic term in Eq. (3.29) is manifestly non-canonical and the model does not correspond to a usual single-field canonical inflation scenario. However, by assuming slow-roll, one can show that the non-canonical part of the kinetic term in Eq. (3.29) is subdominant and can be neglected 13 . That being the case, the usual slow-roll parameters become
where the overbars denote the slow-roll parameters in the case where the R 2 term is absent, α = 0, U =Ū . The amplitude of the curvature power spectrum and the spectral tilt are then given by
Therefore, even though the R 2 term can modify the inflaton potential significantly, the effect cancels out in A and n s . As was shown in Ref. [32] , this is also true for the observables defined as higher order derivatives of the curvature power spectrum, such as the running or running of the running of the spectral tilt, because the curvature power spectrum remains the same. However, that is not the case for the tensor power spectrum This has interesting consequences; in particular, the result shows that regardless of how stringent the limit on r becomes in the future, this class of models will always remain compatible with the data for large enough α. The result also allows one to construct classes of simple models which have a very low scale of inflation, V 1/4 ∝ √ H inf ∝ r 1/4 , as was recently studied in Ref. [49] . See also Refs. [38, 42, 49, 50] for other studies on Palatini inflation with an R 2 term.
ξ-attractors
Finally, let us consider scenarios where the non-minimal coupling function and the Jordan frame potential are given by the following simple polynomials:
where n > 0 and λ is a parameter that is fixed by the requirement that the curvature power spectrum has the measured amplitude. From the above choices, we see that the scenario is a generalization of the Higgs inflation model, Eq. (3.17).
As is easy to show with the tricks discussed in the above sections, in the metric case the above choices of Ω and V (φ) correspond to
where the superscript refers to the metric case and the result applies at large field values. This is the potential for the famous ξ-attractor models 14 [66, 139] , where the name "attractor" refers to the fact that in the limit ξ → ∞ the inflationary observables tend to
where the expressions apply to first order in the expansion in 1/N and the superscripts refer to the metric case. It is noteworthy to point out how close these results are to those in the metric R 2 and Higgs inflation scenarios: at first order in 1/N , the results for n s and r are the same in all models. Thus, for the usual number of inflationary e-folds (N = 60), the values n s 0.967 and r 0.0033 are universal attractors in the limit of a strong non-minimal coupling, ξ 1.
However, as was shown in Ref. [27] , this is no longer true for Palatini gravity. For general n it is difficult to find a simple expression for the potential U (χ) but for e.g. n = 2 one finds
41)
14 For their relation to the famous "α-attractor" models [136, 137] and terminology, see Ref. [138] .
-13 -as in the case of Palatini-Higgs inflation, Eq. (3.20), while n = 1 yields
Analogous power laws can be found also for other values of n. For the inflationary observables one finds 44) which again apply at the first order in the expansion in 1/N and in the limit ξ → ∞.
The results show that in this case the tensor-to-scalar ratio is not bounded from below, and therefore the attractor behavior found within the metric theory gravity is lost in the Palatini case. This is entirely due to the fact that in the Palatini case the kinetic term for the inflaton field (3.5) is different from that in the metric case, which causes the dynamics during inflation to be different, and therefore also the observables to deviate from each other. For more details, see the discussion in Refs. [27, 138] .
A goal for future missions
Finally, let us briefly discuss a specific goal for future missions which aim at detecting primordial gravitational waves. For other recent papers on the topic, see Refs. [39, 140, 141] .
As we have discussed in Sec. 3.2, the limit r ∼ 0.001 for the primordial tensor-to-scalar ratio is special for two reasons: not only it is the value that one of the simplest inflationary models, R 2 (or Starobinsky) inflation, predicts and which is the limit which the ξ-attractor models (including the metric Higgs inflation) approach in the limit of a large non-minimal coupling, it is also the limiting value for r in simple models of inflation with a non-minimal coupling which are based on the metric theory of gravity. In models which are based on the Palatini theory of gravity, the predicted value for r can easily be as low as r ∼ 10 −13 , or even (much) lower than that when also other modifications to the gravity sector are allowed.
Therefore, going down to r 0.001 can tell us a lot about the underlying gravitational degrees of freedom. If primordial gravitational waves are not observed above this limit, it implies -in the context of the models studied in this paper -that the (classical) metric theory of gravity is excluded, while almost all Palatini models would still be perfectly compatible with the data. Therefore, r = 0.001 should be an important target for future CMB B-mode polarization experiments such as BICEP3 [142] , LiteBIRD [143] , CMB-S4 [144] , the Simons Observatory [145] , and PICO [146] , which indeed are soon pushing the limit on the tensorto-scalar ratio down to r = 5 × 10 −4 , or aiming at detecting r above this limit. As we have shown, in this way they may be able provide for a way to distinguish between different theories of gravity in the context of certain well-motivated classes of inflationary models.
Summary
Currently we do not know what the underlying, high energy gravitational degrees of freedom are. However, by studying in detail the dynamics of different inflationary models and their predictions for observables, one may be able to distinguish not only between different models of inflation but also different theories of gravity. In this paper, we have elaborated this in the context of Palatini gravity, where in addition to the space-time metric also the connection is treated as a set of independent variables.
Here we have considered some well-motivated but simple and mostly canonical singlefield models only. As discussed in Sec. 4, going down to r 0.001 can discriminate Palatini theories from the metric ones, at least in the context of the scenarios studied in this paper. Therefore, r = 0.001 is an important target for future missions aiming at detecting primordial gravitational waves.
It seems justified to say that at this moment in time, we are only in the beginning of understanding the connection between inflation and different theories of gravity. For example, besides understanding the fine details of the models considered in this paper, things that remain poorly or only partly understood in the context of Palatini models of inflation include e.g. multifield scenarios, details of (p)reheating in different scenarios, initial conditions for inflation, quantum corrections to different models, as well as scenarios with non-vanishing torsion or otherwise extended gravity sector and the former aspects in the presence of the latter, and so on. While important first steps have already been taken in this direction, it is clear that future studies hold great potential for revealing us a lot more about the connection between inflation and different theories of gravity and will -hopefully -help us to finally trace the high energy theory of gravity.
